Abstract. For a subset K of a metric space (X, d) and x ∈ X, the set
Introduction and preliminaries
Let (X, d) be a metric space. A mapping W : X × X × [0, 1] → X is said to be (s.t.b.) a convex structure on X if for all x, y ∈ X and λ ∈ [0, 1], we have
d(u, W (x, y, λ)) ≤ λd(u, x) + (1 − λ)d(u, y)
for all u ∈ X. The metric space (X, d) together with a convex structure is called a convex metric space [9] .
A convex metric space (X, d) is said to satisfy Property (I) [2] if for all x, y, p ∈ X and λ ∈ [0, 1],
d(W (x, p, λ), W (y, p, λ)) ≤ λd(x, y).
A normed linear space and each of its convex subset are simple examples of convex metric spaces. There are many convex metric spaces which are not normed linear spaces (see [9] ). Property (I) is always satisfied in a normed linear space.
A subset K of a convex metric space (X, d) is s.t.b. i) a convex set [9] if W (x, y, λ) ∈ K for all x, y ∈ K and λ ∈ [0, 1]; ii) starshaped or p-starshaped [3] if there exists p ∈ K such that W (x, p, λ) ∈ K for all x ∈ K and λ ∈ [0, 1]. Clearly, each convex set is starshaped but not conversely. A self map T on a metric space (X, d) is s.t.b.
i) nonexpansive if d(T x, T y) ≤ d(x, y)
for all x, y ∈ X; ii) contraction if there exists an α, 0 ≤ α < 1 such that d(T x, T y) ≤ αd(x, y) for all x, y ∈ X. For a nonempty subset K of a metric space (X, d), a mapping T : K → K is s.t.b.
i) demicompact if every bounded sequence < x n > in K satisfying d(x n , T x n ) → 0 has a convergent subsequence; ii) asymptotically nonexpansive [1] if there exists a sequence {k n } of real numbers in
) is a convex metric space, M a q-starshaped subset with q ∈ F (S) ∩ M and is both T -and S-invariant. Then T and S are called i) R-subcommuting [8] on M if for all x ∈ M , there exists a real number
It is well known that commuting maps are R-subweakly commuting maps and R-subweakly commuting maps are R-weakly commuting but not conversely (see [7] ).
In this paper we prove some results on T -invariant points for a set of best simultaneous approximation to a pair of points y 1 , y 2 in a convex metric space (X, d) by imposing conditions on K and the self mapping T on K. For self mappings T and S on K, results are also proved on both T -and S-invariant points for a set of best simultaneous approximation. The results proved in the paper generalize and extend some of the results of Vijayaraju [10] . Some results on best K-approximant are also deduced.
Throughout, we shall write F (S) for set of fixed points of a mapping S and F (T, S) for set of fixed points of both mappings T and S. Proof. Since T is asymptotically nonexpansive, there exists a sequence {k n } of real numbers in [1, ∞) 
Main results
Therefore each T n is a contraction on D. So, by Banach's contraction principle, T n has a unique fixed point, say, u n in D. As D is bounded and a n → 1, we have
Since T is uniformly asymptotically regular and symptotically nonexpansive on K, it follows that
Since T is demicompact, u n has a subsequence u n i such that
and hence T u = u. 
for all x ∈ X and i = 1, 2.
If the set D of best simultaneous approximation to y 1 and y 2 is nonempty, complete, bounded and starshaped, then it contains a T -invariant point provided that T is continuous and demicompact.
Proof. Since D is the set of best simultaneous approximation to y 1 and
Hence the result follows from Theorem 2.1. Proof. Defining T n as in Theorem 2.1 and proceeding we see that each T n is a contraction on D and d(u n , T n u n ) → 0 where u n is the unique fixed point of T n in D.
Since T is uniformly asymptotically regular and symptotically nonexpansive on K, we have
i.e., (I − T )u n → 0. Since (I − T )(D) is closed, 0 ∈ (I − T )D and so 0 = (I − T )u for some u ∈ D. Hence T u = u. 
If the set D of best simultaneous approximation to y 1 and y 2 is nonempty, complete, bounded and starshaped, then it contains a T -invariant point provided that (I − T )(D) is closed where I denotes the identity mapping.
If y 1 = y 2 = x, we have
Corollary 2.8. Let K be a nonempty subset of a convex metric linear space (X, d) with Property (I). Let T be an asymptotically nonexpansive, uniformly asymptotically regular self mapping of K. If the set D of best K-approximants to x ∈ X is nonempty, complete, bounded, starshaped and is invariant under T , then it contains a T -invariant point provided that (I − T )(D) is closed where I denotes the identity mapping.
We need the following lemma of Shahzad [8] for our next theorem. 
Lemma 2.9. [8] Let D be a closed subset of a metric space (X, d), and S, T are R-weakly commuting self maps of D such that T (D) ⊆ S(D). Suppose T is S-contraction. If T (D) is complete and T is continuous, then F (T ) ∩ F (S) is singleton.

with respect to z ∈ F (S), and D is invariant under T . If T and S are uniformly R-subweakly commuting on D, T is uniformly asymptotically regular on D and S is affine on D such that S(D) = D, then D contains T -and S-invariant point.
Proof. Define T n as in Theorem 2.1, we observe that for each n, T n is a self map on D. Consider
for all x ∈ D. Therefore T n and S are R-weakly commuting for each n. Since
Therefore each T n is a S-contraction on D. Also, D is compact and T is continuous on D and so by Lemma 2.9, there is a point x n in D such that x n = T n x n = Sx n . Therefore
Since T is uniformly asymptotically regular and S-asymptotically nonexpansive on D, S is affine on D and x n = T n x n = Sx n , it follows that
, and so
which gives T x = x. Since S is continuous and
We need the following lemma of Jungck [4] for our next theorem.
Lemma 2.11. [4] Let (X, d) be a compact metric space. Suppose that T and S are commuting mappings of X into itself such that T (X) ⊆ S(X), S is continuous and d(T x, T y) < d(Sx, Sy)
for all x, y ∈ X whenever Sx = Sy. Then T and S have a unique common fixed point in X. Proof. Define T n as in Theorem 2.1, we observe that for each n, T n is a self map on D. Consider
Therefore T n and S commute for each n.
Also, D is compact and S is continuous on D and so by Lemma 2.11, there is a point x n in D such that x n = T n x n = Sx n . Therefore
Since T is uniformly asymptotically regular and S-asymptotically nonexpansive on D, S commutes with T n and x n = Sx n , it follows that
Corollary 2.13. Let K be a nonempty subset of a convex metric space (X, d) with Property (I), T and S are continuous self-mappings of K such that T is S-asymptotically nonexpansive and F (S) is nonempty. Suppose that T satisfies
for all x ∈ X and i = 1, 2. Remark 2.17. It is not necessary that S is linear in Theorem 3 of Sahab et al. [6] . The result is also true for an affine mapping S.
